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un+1 = f(un)

R

R

R

un+1 = f(un)

E

f : E −→ Ef ◦ f =
Ef

f−1
= f.

�

(x1, x2) ∈ E2

f(x1) = f(x2)
x1 = (f ◦ f)(x1) = f

(
f(x1)

)
= f

(
f(x2)

)
= (f ◦ f)(x2) = x2.

f

y ∈ Ey = (f ◦ f)(y) = f
(
f(y)

)
,

x ∈ E

x = f(y)
y = f(x)

ff�
f

f−1

f−1
= f−1 ◦

E = f−1 ◦ (f ◦ f) = (f−1 ◦ f) ◦ f =
E ◦ f = f.

f : E −→ F, A ∈ P(E), A′ ∈ P(F )f(A) =
{
y ∈ F ; ∃ a ∈ A, y = f(x)

}
,

f−1(A′) =
{
x ∈ E ; f(x) ∈ A′}

.y ∈ F y ∈ f(A) ⇐⇒ (
∃ a ∈ A, y = f(a)

)x ∈ E x ∈ f−1(A′) ⇐⇒ f(x) ∈ A′.➟

E,F
f : E −→ F A′ ∈ P(F )

f−1
(
�F (A′)

)
= �E

(
f−1(A′)

)
.

x ∈ E

x ∈ f−1
(
�F (A′)

)
⇐⇒

f(x) ∈ �F (A′)⇐⇒
f(x) /∈ A′⇐⇒ (

f(x) ∈ A′)⇐⇒ (
x ∈ f−1(A′)

)⇐⇒
x ∈ �E

(
f−1(A′)

)
,

R
E R

∀x ∈ E, xRx
R

∀(x, y) ∈ E 2,
(
xR y =⇒ yRx

)R
∀(x, y, z) ∈ E 3,

{
xR y
yR z =⇒ xR z.

➟



∀n ∈ N∗,
n∑

k=1

(−1)kk = (−1)n(2n+ 1)− 1
4 .

n ∈ N \ {0, 1} n∑
k=2

1
k(k2 − 1)

= n2+ n− 2
4n(n+ 1)

.

n ∈ N∗
An =

∑
k, 0�2k�n

(
n
2k

)
Bn = ∑

k, 0�2k+1�n

(
n

2k + 1

)
.

(x, y) ∈ R2(1)

{
4x− 2y = 1
6x− 3y = 2 (2)

{
x− 3y = −1
2x+ y = 5.

(x, y, z) ∈ R3
(1)

⎧⎪⎪⎨
⎪⎪⎩

2x+ y − z = 4
x− y + z = −1
x− 2y − z = 0

(2)

⎧⎪⎪⎨
⎪⎪⎩

x− 2y + z = 1
2x− 3y − z = 3
3x− 4y − 3z = 4

(3)

⎧⎪⎪⎨
⎪⎪⎩

2x+ y + z = 2
x+ 2y + z = 0
3x+ z = 4.

(x, y, z) ∈ R3

a ∈ R

⎧⎪⎪⎨
⎪⎪⎩

x+ y − 2z = 2
x− y + z = 0
4x− 2y + az = a

⎧⎪⎪⎨
⎪⎪⎩

ax+ y + z = 1
x+ ay + z = 1
x+ y + az = 1.

(x, y, z, t) ∈ R4

(a, b) ∈ R2x−y+2z+ t = 0, −2x+3y+z−4t = 1, −3x+5y+4z−7t = a, −x+2y+3z−3t = b.

1 4

Pn(1)
= 0, P ′

n(1
) = 0, P ′′

n
(1) = 0, P

(3)
n

(1) �= 0.

2
2 + + 1.

3 .

(P,Q) ∈
(
R[ ]

)2
P
2 +Q

2 = (P + Q)(P − Q).

+ 1.

= +
1
.

2 − 1.

x =
p

q

P,

(p, q) ∈ Z× N
∗ p ∧ q = 1.

p | 6

q | 2,

2
1

2

P.

A B
C[ ].

P ′

P

P

R[ ]

2 +
a

2
+ c, c ∈ R.

0

( − 1)P =
n+1 − 1 (

n − 1)Q = (
n )n

+1 − 1.

a � b,

a
b

N
∗

a − 1
b − 1

K[ ]

P ∧Q = 1. P | Q′

Q | P ′
P ′

P

( ) =⇒ ( ),

P
R[ ]

F =
{
P ∈ R[ ] ; ∃ (A,B) ∈

(
R[ ]

)2 , P = A
2 +B

2
}
,

F

]
− 1 ; 1√

2

[ ]
1√
2
; 1

[⎧⎪⎪⎪⎨⎪⎪⎪⎩
∀x ∈

]
− 1 ; 1√

2

[
, f ′(x) = − x√

1− x2
− 1∀x ∈

]
1√
2
; 1

[
, f ′(x) = x√

1− x2
+ 1 > 0.

f ′(x)
x ∈

]
− 1 ; 1√

2

[f ′(x) > 0 ⇐⇒ − x√
1− x2

− 1 > 0⇐⇒
x+

√
1− x2 < 0 ⇐⇒ √

1− x2 < −x⇐⇒
⎧⎨⎩ x � 0

1− x2 < x2 ⇐⇒
⎧⎪⎨⎪⎩
x � 0

x2
> 1

2
⇐⇒

x ∈
]
− 1 ; − 1√

2

[
.

x ∈
]

1√
2
; 1

[
f(x)− f(1)

x− 1 = x− √
1− x2 − 1
x− 1

= 1 +

√
1− x2

1− x = 1 +
√
1 + x√
1− x −→

x −→ 1− +∞,

f

1
C f

(1, 1)
y ′y.

f

−1 C
(−1, 1)

y ′y.

f ′(x) −→
x −→ (

1√
2

)− −
1√
2√

1− 1

2

− 1 = −2,

f ′(x) −→
x −→ (

1√
2

)
+

1√
2√

1− 1

2

+ 1 = 2,

f

1√
2

−22,
f

1√
2
.C f

f
x

f ′(x)

f(x)

−1
− 1√

2 1√
2

1

+
−

+

+∞

−2 2

11

√
2

√
2

00

11

x

y

O
− 1√

2

1√
2

√
2

1

1

−1

C

y =
∣∣x− √

1− x2
∣∣

=⇒ (
y = x− √

1− x2
y = −x+

√
1− x2

)⇐⇒ (
x− y =

√
1− x2

x+ y =
√
1− x2

)=⇒ (
(x− y)2 = 1− x2

(x+ y)2 = 1− x2
)⇐⇒ (

2x2 − 2xy + y2
= 1

2x2
+ 2xy + y2

= 1
)
.f

y ∈ R

x
∀(x, y) ∈ R2, f ′(x+ y) = f ′(x).

x 0∀y ∈ R, f ′(y) = f ′(0),
f ′

a ∈ R
∀x ∈ R, f ′(x) = a,

b ∈ R
∀x ∈ R, f(x) = ax+ b.(a, b) ∈ R2,f : R −→ R, x −→ ax+ bR

∀(x, y) ∈ R2, f(x+ y) = f(x) + f(y)
b = 0{

f : R −→ R, x −→ ax ; a ∈ R
}
.f : R −→ R

x ∈ R
f(x) =

√
(x− 1)2 + 9 +

√
(x− 8)2 + 16

=
√
x2 − 2x+ 10 +

√
x2 − 16x+ 80.
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➟

E A,B,C ∈ P(E)

(A\C)\(B\C) = A\(B ∪C).

(A \ C) \ (B \ C) = (A ∩ C) \ (B ∩ C)

= (A ∩ C) ∩ B ∩ C

= (A ∩ C) ∩ (B ∪ C)

= (A ∩ C ∩ B) ∪ (A ∩ C ∩ C)

= A ∩ B ∩ C

= A ∩ (B ∪ C)

= A \ (B ∪ C).

A ⊂ B B ⊂ A

➟

E A,B ∈ P(E)

(A \B) ∪ (A \ C) = A \ (B ∩ C).

(A \B) ∪ (A \ C) = (A ∩ B) ∪ (A ∩ C)

= A ∩ (B ∪ C)

= A ∩ B ∩ C

= A \ (B ∩ C).



{
y ∈ R ; ∃x ∈ [−1 ; 2], y = x2

}
= [0 ; 4].

y ∈ R x ∈ [−1 ; 2] y = x2

x ∈ [−1 ; 0] y ∈ [0 ; 1]

x ∈ [0 ; 2] y ∈ [0 ; 4]

y ∈ [0 ; 4]

y ∈ [0 ; 4]

x =
√
y x ∈ [0 ; 2] ⊂ [−1 ; 2] y = x2

P(n)
n

n � n0

P(n0)

n n � n0 P(n)
P(n+ 1)

➟

(φn)n∈N φ0 = 0, φ1 = 1

∀n ∈ N, φn+2 = φn+1 + φn.

∀n ∈ N, φ2
n+1 − φn+2φn = (−1)n.

n = 0 φ2
1 − φ2φ0 = 12 − 1 · 0 = 1 = (−1)0,

n = 0

n ∈ N

φ2
n+2 − φn+3φn+1 = φ2

n+2 − (φn+2 + φn+1)φn+1

= (φ2
n+2 − φn+2φn+1)− φ2

n+1

= φn+2(φn+2 − φn+1)− φ2
n+1

= φn+2φn − φ2
n+1

= −(φ2
n+1 − φn+2φn)

= −(−1)n = (−1)n+1,

n+ 1

n ∈ N

P(n)
n

n � n0

P(n0) P(n0 + 1)

n n � n0 P(n) P(n+1)
P(n+ 2)

➟



(un)n∈N

u0 = 0, u1 = 1

∀n ∈ N, un+2 =
un+1 + un

2
.

∀n ∈ N∗, un > 0.

n = 1 u1 = 1 > 0 n = 2

u2 =
u1 + u0

2
=

1

2
> 0 n = 1

n = 2

n n + 1

n ∈ N∗ un > 0 un+1 > 0
un+1 + un

2
> 0,

n+ 2

n ∈ N∗

P(n)
n

n � n0

P(n0)

n n � n0 P(n0), ...,P(n)
P(n+ 1)

➟

(un)n∈N∗
u1 = 1

∀n ∈ N∗, un+1 =
u1 + u2

2 + · · ·+ un
n

nn
.

∀n ∈ N∗, 0 < un � 1.

n = 1 0 < u1 � 1 u1 = 1

n ∈ N∗

∀k ∈ {1, ..., n}, 0 < uk � 1.

un+1 =
u1 + u2

2 + · · ·+ un
n

nn
>

0 + · · ·+ 0

nn
= 0

un+1 =
u1 + u2

2 + · · ·+ un
n

nn
� 1 + · · ·+ 1

nn
=

n

nn
=

1

nn−1
� 1.

∀n ∈ N∗, 0 < un � 1.

➟



E f : E −→ E
f ◦ f = E

f

f−1 = f.

� (x1, x2) ∈ E2 f(x1) = f(x2)

x1 = (f ◦ f)(x1) = f
(
f(x1)

)
= f

(
f(x2)

)
= (f ◦ f)(x2) = x2.

f

y ∈ E

y = (f ◦ f)(y) = f
(
f(y)

)
, x ∈ E

x = f(y) y = f(x) f

f

� f f−1

f−1 = f−1 ◦ E = f−1 ◦ (f ◦ f) = (f−1 ◦ f) ◦ f = E ◦ f = f.

f : E −→ F, A ∈ P(E), A′ ∈ P(F )

f(A) =
{
y ∈ F ; ∃ a ∈ A, y = f(x)

}
,

f−1(A′) =
{
x ∈ E ; f(x) ∈ A′}.

y ∈ F y ∈ f(A) ⇐⇒ (∃ a ∈ A, y = f(a)
)

x ∈ E x ∈ f−1(A′) ⇐⇒ f(x) ∈ A′.
➟

E,F
f : E −→ F A′ ∈ P(F )

f−1
(
�F (A′)

)
= �E

(
f−1(A′)

)
.

x ∈ E

x ∈ f−1
(
�F (A′)

)
⇐⇒ f(x) ∈ �F (A′)

⇐⇒ f(x) /∈ A′

⇐⇒ (
f(x) ∈ A′)

⇐⇒ (
x ∈ f−1(A′)

)
⇐⇒ x ∈ �E

(
f−1(A′)

)
,

R
E

R ∀x ∈ E, xRx

R ∀(x, y) ∈ E2,
(
xR y =⇒ yRx

)
R ∀(x, y, z) ∈ E3,

{
xR y

yR z
=⇒ xR z.

➟



R R

∀(x, y) ∈ R2,
(
xR y ⇐⇒ |x| = |y|).

R
R

x ∈ R x R

� x ∈ R, |x| = |x| xRx R
x, y ∈ R

xR y ⇐⇒ |x| = |y| ⇐⇒ |y| = |x| ⇐⇒ yRx,

R
x, y, z ∈ R{

xR y

yR z
⇐⇒

{
|x| = |y|
|y| = |z| =⇒ |x| = |z| ⇐⇒ xR z,

R
R R

� x ∈ R x R

x̂ = {y ∈ R ; xR y} = {y ∈ R ; |x| = |y|} =

{
{x, −x} x �= 0

{0} x = 0.

R
E

R ∀x ∈ E, xRx

R ∀(x, y) ∈ E2,

{
xR y

yRx
=⇒ x = y

)

R ∀(x, y, z) ∈ E3,

{
xR y

yR z
=⇒ xR z

)
.

➟

E = RR

R R �
E f, g ∈ E

f � g ⇐⇒ (∀x ∈ R, f(x) � g(x)
)
.

�
E

� f ∈ E ∀x ∈ R, f(x) � f(x),

f � f �
f, g ∈ E⎧⎨⎩f � g

g � f
⇐⇒

⎧⎨⎩∀x ∈ R, f(x) � g(x)

∀x ∈ R, g(x) � f(x)

⇐⇒ (∀x ∈ R, f(x) = g(x)
) ⇐⇒ f = g,

�
f, g, h ∈ E⎧⎨⎩f � g

g � h
⇐⇒

⎧⎨⎩∀x ∈ R, f(x) � g(x)

∀x ∈ R, g(x) � h(x)

=⇒ (∀x ∈ R, f(x) � h(x)
) ⇐⇒ f � h,

�
� E

� f : R −→ R, x −→ 0 g : R −→ R, x −→ x.

f(1) = 0 < 1 = g(1) g � f

f(1) = 0 > −1 = g(−1), f � g

� E



E A, B, C ∈ P(E)

(A ∪ B) ∩ C ⊂ A ∪ (B ∩ C).

A ⊂ C

E A,B,C ∈ P(E)

A ∩ B = A ∩ C ⇐⇒ A ∩ �E(B) = A ∩ �E(C).

f R R f(x) =
3x− 1

x− 2
.

a f

b f

g f R\{a} R\{b}
g−1 g

f, g : R −→ R x ∈ R

f(x) = 1 + x, g(x) = x2.

f ◦ g g ◦ f. f ◦ g = g ◦ f

(Ln)n∈N L0 = 2, L1 = 1

∀n ∈ N, Ln+2 = Ln+1 + Ln.

n ∈ N

L2
n+1 − LnLn+2 = 5(−1)n+1

n∑
k=0

L2
k = LnLn+1 + 2

L2n = L2
n − 2(−1)n L2n+1 = LnLn+1 − (−1)n



R

R R

∀(x, y) ∈ R2,
(
xR y ⇐⇒ x2 − 2x = y2 − 2y

)
.

R R

x ∈ R x R

E,F A1, A2 E B1, B2 F

(A1 ×B1) ∩ (A2 ×B2) = (A1 ∩ A2)× (B1 ∩ B2).

(A1 ×B1) ∪ (A2 ×B1) = (A1 ∪ A2)×B1.

(A1 ×B1) ∪ (A2 ×B2) = (A1 ∪ A2)× (B1 ∪ B2) ?

P(E ∩ F ) P(E ∪ F )

E ⊂ F ⇐⇒ P(E) ⊂ P(F ).

P(E ∩ F ) = P(E) ∩ P(F ).

P(E ∪ F ) = P (E) ∪ P(F )

R N∗ xR y ⇐⇒ (∃n ∈ N∗, y = xn
)
.

R N∗

R

(un)n∈N u0 = 0, u1 = 1

∀n ∈ N, un+2 =
un+1 + un

2
+ 1.

(un)n∈N

(un)n∈N u0 = 1

∀n ∈ N, un+1 =

n∑
k=0

uk

k!(n− k)!
.

∀n ∈ N, un ∈ Q∗
+.



E

A ∈ P(E) A

A : E �−→ {0, 1}, x �−→
{
0 x /∈ A

1 x ∈ A.

1 P(E) {0, 1} 1

A,B ∈ P(E)

A = B ⇐⇒ A = B , A = 1− A,

A ∩B = A B , A ∪B = A + B − A B , A\B = A − A B .

A,B ∈ P(E) A ∩ (A ∪ B) = A A ∪ (A ∩ B) = A.

E f : [0 ; +∞[ −→ R f(0) = 1
R E (f, g) ∈ E2

f R g ⇐⇒ f ′ � g′.

R E

R
∀(f, g) ∈ E2,

(
f R g =⇒ f � g

)
.

∀(f, g) ∈ E2,
(
f � g =⇒ f R g

)
?

E,F,G f : E −→ F, g : F −→ G

g ◦ f f

g ◦ f g

g ◦ f f g

E, F f : E −→ F, g : F −→ E

g ◦ f ◦ g f g

E,E′ f : E −→ E′

A,B E

A ⊂ B =⇒ f(A) ⊂ f(B)

A ⊂ f−1
(
f(A)

)
f(A ∪ B) = f(A) ∪ f(B)

f(A ∩ B) ⊂ f(A) ∩ f(B)



E,E′ f : E −→ E′

A′, B′ E

A′ ⊂ B′ =⇒ f−1(A′) ⊂ f−1(B′)

f
(
f−1(A′)

) ⊂ A′

f−1(A′ ∪ B′) = f−1(A′) ∪ f−1(B′)

f−1(A′ ∩ B′) = f−1(A′) ∩ f−1(B′)

E A,B E

A � B = (A ∪ B) ∩ (A ∩ B),

A B.

A � B

E = {1, 2, 3, 4}, A = {1, 2}, B = {1, 3}
E = R, A = ]−∞ ; 2], B = [1 ; +∞[

∀(A,B) ∈ (P(E)
)2
, A � B = (A ∩ B) ∪ (B ∩ A).

(A,B) ∈ (P(E)
)2

A �B = A + B − 2 · A B .

� P(E),

∀(A,B,C) ∈ (P(E)
)3
, (A � B) � C = A � (B � C).



∩ ∪

A′ A E

A ∩ B = A ∩ C

x A ∩ �E(B)

B
C

a = 2. b = 3.

y = f(x), x y.

x ∈ R, (f ◦ g)(x) (g ◦ f)(x)
x ∈ R

n

f : R −→ R, x −→ x2 − 2x

x̂ x R ∀y ∈ R,
(
y ∈ x̂ ⇐⇒ xR y

)
.

(a, b) ∈ (A1 ×B1) ∩ (A2 ×B2)

A1 ×B2

E ⊂ F. E
F.

P(E) ⊂ P(F ).
x E F,

{x}.

P(E ∪ F ) P(E) ∪ P(F )

1 2 N∗

n

n

A = B

a A A ⊂ B

x ∈ E x ∈ A, x /∈ A

x ∈ E x ∈ A ∩ B, x /∈
A ∩ B

A∩ (A∪B) A∪ (A∩B).

f, g f − g

f R g f − g
f(0) = g(0)

f, g f � g f − g

(g ◦ f) ◦ g g ◦ (f ◦ g).

A ⊂ B

y f(A)
E

f

a ∈ A

f(A) ∪ f(B) ⊂ f(A ∪ B).

y ∈ f(A ∪ B)
E

f

A′ ⊂ B′

x f−1(A′)

F f

y ∈ f
(
f−1(A′)

)

x ∈ f−1(A′ ∪ B′)

x ∈ f−1(A′ ∩ B′)



A � B = {2, 3},
A � B = ]−∞ ; 1[∪ ]2 ; +∞[.

A � B

X,Y

X = 1− X , X ∩ Y = X Y ,

X ∪ Y = X + Y − X Y .

∩ ∪
(A ∪ B) ∩ C = (A ∩ C︸ ︷︷ ︸

⊂A

) ∪ (B ∩ C) ⊂ A ∪ (B ∩ C).

(A ∪ B) ∩ C = A ∪ (B ∩ C)

x ∈ A

x ∈ A ∪ (B ∩ C) = (A ∪ B) ∩ C, x ∈ C.

A ⊂ C

A ⊂ C

∩ ∪
(A ∪ B) ∩ C = (A ∩ C︸ ︷︷ ︸

=A

) ∪ (B ∩ C) = A ∪ (B ∩ C).

A ⊂ C

A′ A, E

A ∩ B = A ∩ C

=⇒ (A ∩ B) ′ = (A ∩ C) ′

⇐⇒ A ′ ∪ B ′ = A ′ ∪ C ′

=⇒ A ∩ (A ′ ∪ B ′) = A ∩ (A ′ ∪ C ′)
⇐⇒ (A ∩ A ′) ∪ (A ∩ B ′) = (A ∩ A ′) ∪ (A ∩ C ′)
⇐⇒ A ∩ B ′ = A ∩ C ′.

(B ′, C ′)
(B,C)

A ∩ B = A ∩ C

x ∈ A ∩ �E(B). x ∈ A x /∈ B

x ∈ C

x ∈ A ∩ C = A ∩ B, x ∈ B

x /∈ C x ∈ �E(C) x ∈ A ∩ �E(C).

A ∩ �E(B) ⊂ A ∩ �E(C)

B C A ∩ B = A ∩ C,

a = 2.

(x, y) ∈ (R \ {2})× R.

y = f(x) ⇐⇒ y =
3x− 1

x− 2
⇐⇒ xy − 2y = 3x− 1

⇐⇒ xy − 3x = 2y − 1 ⇐⇒ (y − 3)x = 2y − 1.

y �= 3, y = f(x) ⇐⇒ x =
2y − 1

y − 3

y f
2y − 1

y − 3
.

y = 3, y = f(x) ⇐⇒ 0x = 5,

y f

b = 3,
f

g : R \ {2} −→ R \ {3}, x −→ 3x− 1

x− 2

f R \ {2} R \ {3}

(x, y) ∈ (R \ {2})× (R \ {3})

y = g(x) ⇐⇒ y =
3x− 1

x− 2
⇐⇒ x =

2y − 1

y − 3
.

y
g g

g g−1 : R \ {3} −→ R \ {2}, y −→ 2y − 1

y − 3
.



x ∈ R⎧⎨⎩(f ◦ g)(x) = f
(
g(x)

)
= f(x2) = 1 + x2

(g ◦ f)(x) = g
(
f(x)

)
= g(1 + x) = (1 + x)2 = 1 + 2x+ x2.

(f ◦ g)(1) = 2 (g ◦ f)(1) = 4,
f ◦ g �= g ◦ f.

n = 0

L2
n+1 − LnLn+2 = L2

1 − L0L2 = 12 − 2 · 3 = −5

5(−1)n+1 = −5,

n = 0

n ∈ N

L2
n+2 − Ln+1Ln+3

= L2
n+2 − Ln+1(Ln+2 + Ln+1)

= (L2
n+2 − Ln+1Ln+2)− L2

n+1

= Ln+2(Ln+2 − Ln+1)− L2
n+1

= Ln+2Ln − L2
n+1

= −(L2
n+1 − LnLn+2)

= −(
5(−1)n+1

)
= 5(−1)n+2,

n+ 1

n
n ∈ N

n = 0
n∑

k=0

L2
k = L2

0 = 22 = 4,

LnLn+1 + 2 = L0L1 + 2 = 2 · 1 + 2 = 4,

n = 0

n ∈ N

n+1∑
k=0

L2
k =

( n∑
k=0

L2
k

)
+ L2

n+1

= (LnLn+1 + 2) + L2
n+1

= (LnLn+1 + L2
n+1) + 2

= Ln+1(Ln + Ln+1) + 2 = Ln+1Ln+2 + 2,

n+ 1

n
n ∈ N

n = 0

⎧⎨⎩L2n = L0 = 2

L2
n − 2(−1)n = 22 − 2 = 2

⎧⎨⎩L2n+1 = L1 = 1

LnLn+1 − (−1)n = 2 · 1− 1 = 1,

n = 0

n ∈ N

L2n+2 = L2n+1 + L2n

=
(
LnLn+1 − (−1)n

)
+

(
L2
n − 2(−1)n

)
= (LnLn+1 + L2

n)− 3(−1)n

= Ln(Ln+1 + Ln)− 3(−1)n

= LnLn+2 − 3(−1)n

=
(
L2
n+1 − 5(−1)n+1

)− 3(−1)n

= L2
n+1 + 2(−1)n

= L2
n+1 − 2(−1)n+1

L2n+3 = L2n+2 + L2n+1

=
(
L2
n+1 − 2(−1)n+1

)
+

(
LnLn+1 − (−1)n

)
= Ln+1

(
Ln+1 + Ln

)− (−1)n+1

= Ln+1Ln+2 − (−1)n+1,
n+ 1

n
n ∈ N

f : R −→ R, x −→ x2 − 2x

x ∈ R f(x) = f(x) xRx

(x, y) ∈ R2 xR y

f(x) = f(y) f(y) = f(x) yRx

(x, y, z) ∈ R3 xR y yR z

f(x) = f(y) f(y) = f(z) f(x) = f(z)
xR z

R R

x ∈ R

x̂ x R
y ∈ R y ∈ x̂

⇐⇒ xR y

⇐⇒ x2 − 2x = y2 − 2y

⇐⇒ x2 − y2 − 2x+ 2y = 0

⇐⇒ (x− y)(x+ y − 2) = 0

⇐⇒ (
y = x y = 2− x

)
.

x̂ =

⎧⎨⎩ {1} x = 1

{x, 2− x} x �= 1.

x̂ 1 x = 1 2
x �= 1



(a, b) ∈ E × F

(a, b) ∈ (A1 ×B1) ∩ (A2 ×B2)

⇐⇒ (
(a, b) ∈ A1 ×B1 (a, b) ∈ A2 ×B2

)
⇐⇒ (

a ∈ A1 b ∈ B1

) (
a ∈ A2 b ∈ B2

)
⇐⇒ (

a ∈ A1 a ∈ A2

) (
b ∈ B1 b ∈ B2

)
⇐⇒ (

a ∈ A1 ∩ A2 b ∈ B1 ∩ B2

)
⇐⇒ (a, b) ∈ (A1 ∩ A2)× (B1 ∩ B2),

(A1 ×B1) ∩ (A2 ×B2) = (A1 ∩ A2)× (B1 ∩ B2).

(a, b) ∈ E × F

(a, b) ∈ (A1 ×B1) ∪ (A2 ×B1)

⇐⇒ (
(a, b) ∈ A1 ×B1 (a, b) ∈ A2 ×B1

)
⇐⇒ (

(a ∈ A1 a ∈ A2) b ∈ B1

)
⇐⇒ (

a ∈ A1 ∪ A2 b ∈ B1

)
⇐⇒ (a, b) ∈ (A1 ∪ A2)×B1,

(A1 ×B1) ∪ (A2 ×B1) = (A1 ∪ A2)×B1.

(A1 ∪ A2)× (B1 ∪ B2)
(a, b) a ∈ A1 b ∈ B2

A1 ×B1 A2 ×B2

E = F = {0, 1}, A1 = B1 = {0}, A2 = B2 = {0, 1}.
(A1 ×B1) ∪ (A2 ×B2) = {(0, 0)} ∪ {(1, 1)}

(A1 ∪ A2)× (B1 ∪ B2) = {0, 1} × {0, 1}
=

{
(0, 0), (0, 1), (1, 0), (1, 1)

}
.

(0, 1)

E ⊂ F.

X ∈ P(E). ∀x ∈ X, x ∈ E ⊂ F, X ⊂ F,
X ∈ P(F ).

P(E) ⊂ P(F ).

E ⊂ F =⇒ P(E) ⊂ P(F ).

P(E) ⊂ P(F ).

x ∈ E. {x}
x

{x} ∈ P(E) ⊂ P(F ), x ∈ F.

E ⊂ F.

P(E) ⊂ P(F ) =⇒ E ⊂ F.

E ⊂ F ⇐⇒ P(E) ⊂ P(F ).

X
X ∈ P(E ∩ F ) ⇐⇒ X ⊂ E ∩ F ⇐⇒

⎧⎨⎩X ⊂ E

X ⊂ F

⇐⇒
⎧⎨⎩X ∈ P(E)

X ∈ P(F )
⇐⇒ X ∈ P(E) ∩ P(F ),

P(E ∩ F ) = P(E) ∩ P(F ).

X

X ∈ P(E) ∪ P(F ) ⇐⇒ (
X ⊂ E X ⊂ F

)
=⇒ X ∈ E ∪ F ⇐⇒ X ∈ P(E ∪ F ),

P(E) ∪ P(F ) ⊂ P(E ∪ F ).

X E ∪ F,
X E X

F. X
E F F

E.

E = {1}, F = {2}.
P(E ∪ F ) = P({1, 2}) = {

∅, {1}, {2}, {1, 2}},
P(E) ∪ P(F ) =

{
∅, {1}} ∪ {

∅, {2}} =
{
∅, {1}, {2}}.
P(E ∪ F )

P(E) ∪ P(F ).

x ∈ N∗ xRx, x = x1

x, y ∈ N∗ xR y yRx.

n, p ∈ N∗ y = xn x = yp

x ∈ N∗ n ∈ N∗ x � 1 n � 0 xn � x
y = xn � x.

x � y x = y

x, y, z ∈ N∗ xR y yR z.

n, p ∈ N∗ y = xn z = yp.

z = yp = (xn)p = xnp np ∈ N∗ xR z

R N∗

1R 2 n ∈ N∗ 2 = 1n

2R 1 n ∈ N∗ 1 = 2n

R

un+2 un+1 un

n = 0 u1 > u0 u1 = 1 u0 = 0

n = 1 u2 > u1

u1 = 1 u2 =
u1 + u0

2
+ 1 =

3

2
.

n ∈ N un+1 > un

un+2 > un+1

un+3 =
un+2 + un+1

2
+ 1 >

un+1 + un

2
+ 1 = un+2.



n

∀n ∈ N, un+1 > un.

(un)n∈N∗

un+1

u0, ..., un

n = 0 u0 = 1 ∈ Q∗
+.

n ∈ N u0, ..., un ∈ Q∗
+

un+1 =
n∑

k=0

uk

k!(n− k)!
, u0, ..., un Q∗

+

0!, 1!, ..., n! N∗
un+1 ∈ Q∗

+

n ∀n ∈ N, un ∈ Q∗
+.

A = B A = B

A = B

a ∈ A B(a) = A(a) = 1, a ∈ B
A ⊂ B, B ⊂ A A = B

A = B ⇐⇒ A = B

A

A

x ∈ E

x ∈ A, x /∈ A A(x) = 1 A(x) = 0

A(x) = 1− A(x)

x /∈ A x ∈ A A(x) = 0 A(x) = 1

A(x) = 1− A(x)

∀x ∈ E, A(x) = 1− A(x).

A = 1− A.

x ∈ E

x ∈ A ∩ B, x ∈ A x ∈ B A∩B(x) = 1

A(x) = 1, B(x) = 1 A∩B(x) = A(x) B(x)

x /∈ A ∩ B x /∈ A x /∈ B A∩B(x) = 0(
A(x) = 0 B(x) = 0

)
A∩B(x) = A(x) B(x)

∀x ∈ E, A∩B(x) = A(x) B(x).

A∩B = A B

A∪B = 1− A∪B

= 1− A∩B

= 1− A B

= 1− (1− A)(1− B)

= 1− (1− A − B + A B)

= A + B − A B .

A\B = A∩B = A B = A(1− B) = A − A B .

A,B ∈ P(E)

A∩ (A∪B) = A A∪B = A( A + B − A B)

= A + A B − A B = A,

A ∩ (A ∪ B) = A

A∪ (A∩B) = A + A∩B − A A∩B

= A + A B − A( A B) = A + A B − A B = A,

A ∪ (A ∩ B) = A

A ⊂ A ∪ B
A ∩ (A ∪ B) = A A ∩ B ⊂ A
A ∪ (A ∩ B) = A

f ∈ E f ′ � f ′ f R f

(f, g) ∈ E2 f R g gR f

f ′ � g′, g ′ � f ′ f ′ = g ′ f − g
[0 ; +∞[ (f − g)′ = 0 f − g

(f − g)(0) = f(0) − g(0) = 1 − 1 = 0
f − g = 0 f = g

(f, g, h) ∈ E3 f R g gRh

f ′ � g ′ g ′ � h ′ f ′ � h ′ f Rh

R E

R
f, g ∈ E f ′ � g′ g′ � f ′

f − g

f, g : [0 ; +∞[ −→ R

x ∈ [0 ; +∞[ f(x) = 1 + x g(x) = 1 + x2

R
(f, g) ∈ E2 f R g

f ′ � g ′ (f −g)′ � 0 f −g

(f − g)(0) = f(0) − g(0) = 1 − 1 = 0
f − g � 0 f � g

f � g fRg

f, g
f(0) = g(0) = 1 f � g f − g

f, g : [0 ; +∞[ −→ R

x ∈ [0 ; +∞[,

f(x) = 1 g(x) = 1 + 2 x.



f g [0 ; +∞[
f(0) = g(0) = 1 f � g

∀x ∈ [0 ; +∞[, f ′(x) = 0 g′(x) = 2 x x.

f ′
(3π

4

)
= 0 g ′

(3π

4

)
= 2

1√
2

(
− 1√

2

)
= 1,

f ′ � g ′ f R g

g ◦ f

(x1, x2) ∈ E2 f(x1) = f(x2).

g ◦ f(x1) = g
(
f(x1)

)
= g

(
f(x2)

)
= g ◦ f(x2).

g ◦ f x1 = x2.

f

g ◦ f

z ∈ G g ◦ f x ∈ E
z = g ◦ f(x).

z = g
(
f(x)

)
f(x) ∈ F.

∀z ∈ G, ∃ y ∈ F, z = g(y).

g

g ◦ f g ◦ f
f g

g ◦ f ◦ g ⇐⇒
⎧⎨⎩g ◦ f ◦ g

g ◦ f ◦ g

⇐⇒
⎧⎨⎩(g ◦ f) ◦ g

g ◦ (f ◦ g)
=⇒

⎧⎨⎩g

g

=⇒ g .

g

g−1 g
f = g−1 ◦ (g ◦ f ◦ g) ◦ g−1,

f

f g

A ⊂ B

y ∈ f(A). a ∈ A y = f(a)

a ∈ A ⊂ B a ∈ B y = f(a) ∈ f(B).

f(A) ⊂ f(B).

a ∈ A. f(a) ∈ f(A)
a ∈ f−1

(
f(A)

)
.

A ⊂ f−1
(
f(A)

)
.

⎧⎨⎩A ⊂ A ∪ B

B ⊂ A ∪ B
=⇒

⎧⎨⎩f(A) ⊂ f(A) ∪ f(B)

f(B) ⊂ f(A) ∪ f(B)

=⇒ f(A) ∪ f(B) ⊂ f(A ∪ B).

y ∈ f(A ∪ B)

x ∈ A ∪ B y = f(x)

x ∈ A x ∈ B

x ∈ A f(x) ∈ f(A) ⊂ f(A) ∪ f(B)

x ∈ B f(x) ∈ f(B) ⊂ f(A) ∪ f(B)

f(x) ∈ f(A) ∪ f(B)

∀(A ∪ B) ⊂ f(A) ∪ f(B)

f(A ∪ B) = f(A) ∪ f(B)

⎧⎨⎩A ∩ B ⊂ A

A ∩ B ⊂ B
=⇒

⎧⎨⎩f(A ∩ B) ⊂ f(A)

f(A ∩ B) ⊂ f(B)

=⇒ f(A ∩ B) ⊂ f(A) ∩ f(B).

A′ ⊂ B′

x ∈ f−1(A′)
f(x) ∈ A′ f(x) ∈ B′ x ∈ f−1(B′)

f−1(A′) ⊂ f−1(B′).

y ∈ f
(
f−1(A′)

)
x ∈ f−1(A′) y = f(x)

x ∈ f−1(A′) f(x) ∈ A′ y ∈ A′

f
(
f−1(A′)

) ⊂ A′.

x ∈ E

x ∈ f−1(A′ ∪ B′)

⇐⇒ f(x) ∈ A′ ∪ B′

⇐⇒ (
f(x) ∈ A′ f(x) ∈ B′)

⇐⇒ (
x ∈ f−1(A′) x ∈ f−1(B′)

)
⇐⇒ x ∈ f−1(A′) ∪ f−1(B′).

f−1(A′ ∪ B′) = f−1(A′) ∪ f−1(B′).

x ∈ E

x ∈ f−1(A′ ∩ B′)

⇐⇒ f(x) ∈ A′ ∩ B′

⇐⇒ (
f(x) ∈ A′ f(x) ∈ B′)

⇐⇒ (
x ∈ f−1(A′) x ∈ f−1(B′)

)
⇐⇒ x ∈ f−1(A′) ∩ f−1(B′).

f−1(A′ ∩ B′) = f−1(A′) ∩ f−1(B′).



E = {1, 2, 3, 4}, A = {1, 2}, B = {1, 3},
A ∪ B = {1, 2, 3}, A ∩ B = {1},
A ∩ B = {2, 3, 4}, A � B = {2, 3}.

E = R, A = ]−∞ ; 2], B = [1 ; +∞[,

A ∪ B = R, A ∩ B = [1 ; 2],

A ∩ B = ]−∞ ; 1[∪ ]2 ; +∞[, A � B = ]−∞ ; 1[∪ ]2 ; +∞[.

(A,B) ∈ (P(E)
)2

A � B = (A ∪ B) ∩ (A ∩ B) = (A ∪ B) ∩ (A ∪ B)

= (A ∩ A) ∪ (A ∩ B) ∪ (B ∩ A) ∪ (B ∩ B)

= (A ∩ B) ∪ (B ∩ A).

(A,B) ∈ (P(E)
)2

A�B = (A∩B)∪ (B ∩A) = A B + B A − A B B A︸ ︷︷ ︸
= 0

= A(1− B) + B(1− A) = A + B − 2 · A B .

(A,B,C) ∈ (P(E)
)3

.

(A�B)�C = A�B + C − 2 · A�B C

= ( A + B − 2 · A B) + C − 2 · ( A + B − 2 · A B) C

= A + B + C − 2( A B + A C + B C) + 4 · A B C .

A�(B�C) = A + B�C − 2 · A B�C

= A + ( B + C − 2 · B C)− 2 · A( B + C − 2 · B C)

= A + B + C − 2( A B + A C + B C) + 4 · A B C .

(A�B)�C = A�(B�C).

(A � B) � C = A � (B � C),

� P(E).



∑
∏

n∑
k=1

k,

n∑
k=1

k2,

n∑
k=0

qk

an − bn n ∈ N∗ (
n

p

)
,

(
n

p

)
=

n!

p!(n− p)!(
n

p

)
+

(
n

p+ 1

)
=

(
n+ 1

p+ 1

)



∀n ∈ N, ∀q ∈ R \ {1},
n∑

q=0

qk =
1− qn+1

1− q

n∑
k=1

k =
n(n+ 1)

2
,

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6

∀n ∈ N, ∀(x, y) ∈ R2, (x+ y)n =

n∑
k=0

(
n

k

)
xkyn−k.

➟

n ∈ N

n∑
k=0

(−1)k(2k + 1) = (−1)n(n+ 1).

n

n = 0

n ∈ N

n∑
k=1

(−1)k(2k + 1) = (−1)n(n+ 1).

n+1∑
k=0

(−1)k(2k + 1) =

n∑
k=0

(−1)k(2k + 1) + (−1)n+1(2n+ 3)

= (−1)n(n+ 1) + (−1)n+1(2n+ 3)

= (−1)n+1
(− (n+ 1) + (2n+ 3)

)
= (−1)n+1(n+ 2),

n+ 1

n ∈ N



n ∈ N∗

Sn =

n∑
k=1

k(k + 1).

n ∈ N∗

Sn =

n∑
k=1

k(k + 1) =

n∑
k=1

k2 +

n∑
k=1

k

=
n(n+ 1)(2n+ 1)

6
+

n(n+ 1)

2

=
n(n+ 1)

(
(2n+ 1) + 3

)
6

=
n(n+ 1)(n+ 2)

6
.

n ∈ N∗

Sn =
n∑

k=1

1

k(k + 1)
.

k ∈ N∗ 1

k(k + 1)
=

1

k
− 1

k + 1
,

n ∈ N∗

Sn =
n∑

k=1

( 1

k
− 1

k + 1

)
=

n∑
k=1

1

k
−

n∑
k=1

1

k + 1

=
n∑

k=1

1

k
−

n+1∑
k=2

1

k
=

1

1
− 1

n+ 1
= 1− 1

n+ 1
.

∑
∏

➟

n ∈ N∗

Sn =
∑

1�i,j�n

(2i+ 3j).

n ∈ N∗

Sn =
∑

1�i,j�n

2i+
∑

1�i,j�n

3j = 2
n∑

i=1

n∑
j=1

i+ 3
n∑

i=1

n∑
j=1

j

= 2
n∑

i=1

i
( n∑

j=1

1
)
+ 3

n∑
i=1

( n∑
j=1

j
)
= 2

n∑
i=1

in+ 3n

n∑
j=1

j

= 2n

n∑
i=1

i+ 3n

n∑
j=1

j = 5n

n∑
i=1

i =
5n2(n+ 1)

2
.



➟

(n, k) ∈ N2

2 � k � n

k(k − 1)
(n
k

)
= n(n− 1)

(n− 2

k − 2

)
.

k(k − 1)
(n
k

)
= k(k − 1)

n!

k!(n− k)!

=
k(k − 1)

k!

n!

(n− k)!

=
1

(k − 2)!

n!

(n− k)!

= n(n− 1)
(n− 2)!

(k − 2)!(n− k)!

= n(n− 1)
(n− 2)!

(k − 2)!
(
(n− 2)− (k − 2)

)
!

= n(n− 1)
(n− 2

k − 2

)
.

n ∈ N

n∑
k=0

(n
k

)
2k/2.

1 21/2

n∑
k=0

(n
k

)
2k/2 =

n∑
k=0

(n
k

)
1n−k(21/2)k = (1 +

√
2)n.

➟



(x, y) ∈ R2

{
3x+ y = 1

2x− 3y = 8.

⎧⎨⎩3x+ y = 1 L1

2x− 3y = 8 L2

⇐⇒
⎧⎨⎩3x+ y = 1 L1

11x = 11 L2 ←− L2 + 3L1

⇐⇒
⎧⎨⎩x = 1

y = −2.

(x, y, z) ∈ R3

( )

⎧⎪⎪⎨⎪⎪⎩
4x+ y + z = 5

x+ 4y + z = −1

x+ y + 4z = 8.

( ) ⇐⇒
⎧⎨⎩( )

6(x+ y + z) = 12
⇐⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

4x+ y + z = 5 L1

x+ 4y + z = −1 L2

x+ y + 4z = 8 L3

x+ y + z = 2 L4

⇐⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

3x = 3 L1 ← L1 − L4

3y = −3 L2 ← L2 − L4

3z = 6 L3 ← L3 − L4

x+ y + z = 2

⇐⇒

⎧⎪⎪⎨⎪⎪⎩
x = 1

y = −1

z = 2.


