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(A, 1) ⇐⇒ AX = X

⇐⇒
{
−5x+ 4y = x−− 6x+ 5y = y ⇐⇒ − 6x+ 4y = 0,
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∀a ∈ G, ae = a = ea, e ∈ (G)

x, y ∈ (G)

∀a ∈ G, a(xy) = (ax)y = (xa)y = x(ay) = x(ya) = (xy)a,

xy ∈ (G)

x ∈ (G) a ∈ G

ax−1 = (x−1x)(ax−1) = x−1(xa)x−1 = x−1(ax)x−1 = x−1a,

x−1 ∈ (G)

ax = xa =⇒ x−1(ax)x−1 = x−1(xa)x−1 =⇒ x−1a = ax−1.
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a, b ∈ G ab = b2a.

a3b = b8a3.

a3b b

a3b = a2(ab) = a2(b2a) = a(ab)ba = a(b2a)ba = ab2(ab)a

= ab2(b2a)a = (ab)b3a2 = (b2a)(b3a2) = b2(ab)b2a2 = b2(b2a)b2a2

= b4(ab)ba2 = b4(b2a)ba2 = b6(ab)a2 = b6(b2a)a2 = b8a3.
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∀(x, y) ∈ G2, f(xy) = f(x)f(y).
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f : G −→ G, x �−→ x2

(x, y) ∈ G2
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= x(xy)y = (xx)(yy) = x2y2 = f(x)f(y),
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Q Z
f (Q,+) (Z,+)

x+ x = 1
Q Z

a = f−1(1)
a

2
∈ Q 2f

(a
2

)
= f
(a
2

)
+ f
(a
2

)
= f
(a
2
+

a

2

)
= f(a) = 1,

1

2
= f
(a
2

)
∈ Z,



G e a, b ∈ G a3b = ba3 a5 = e.

ab = ba.

G a, b ∈ G, n ∈ N∗ bna = ab.

∀k ∈ N, bkna = abk.

∀p ∈ N, bn
p

ap = apb.

G,G′ H H ′ G G′

H ×H ′ G×G′

(G, ·) e

A G, A G (A)
G (A) =

{
x ∈ G ; ∀a ∈ A, ax = xa

}
.

A G, (A) G.

A,B G

A ⊂ B =⇒ (A) ⊃ (B)

A ⊂ (
(A)

)
(A) = (< A >)( (

(A)
))

= (A).

(G, ·) e x, y ∈ G

x2 = e, y2 = e, xy = yx, x �= e, y �= e, x �= y, xy �= e.

H {x, y}
H

G e A G. A
G e ∈ A

(∀(x, y) ∈ A2, xy ∈ A
)
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(G, ·) ϕ : (G, ·) −→ (C∗, ·)
1.

∑
g∈G

ϕ(g) = 0.

G,G′ f : G −→ G′

H G f−1
(
f(H)

)
= H + (f).

H ′ G′ f
(
f−1(H ′)

)
= H ′ ∩ (f).

G n ∈ N− {0, 1}.
f : G −→ G, x �−→ xn

∀(x, y) ∈ G2, xn−1y = yxn−1.

Sn Z/NZ
n ∈ N− {0, 1}, N ∈ N

Sn Z/NZ

G e G.

f : G −→ G

⎧⎨
⎩
∀t ∈ G, f ◦ f(t) = t

∀u ∈ G,
(
f(u) = u =⇒ u = e

)
.

∀x ∈ G, ∃ t ∈ G, x = t
(
f(t)

)−1
.

∀x ∈ G, f(x) = x−1.

G

Z/aZ Z/bZ

(a, b) ∈ (N∗)2 (
Z/aZ,+

) (
Z/bZ,+

)
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ab = a5(ab) = . . .

k.

p
bn

pna abn
p
.

� (< A >) ⊂ (A)

� x ∈ (A). A ⊂ ({x})
< A >⊂ ({x}), x ∈ (< A >).

e, x, y, xy

x ∈ A,

f : A −→ A, y �−→ xy.

G
g0 ∈ G G −→ G, g �−→ g0g

G,

∀y ∈ G′, y ∈ f(H) ⇐⇒ (∃x ∈ H, y = f(x)
)
,

∀x ∈ G, x ∈ f−1(H′) ⇐⇒ f(x) ∈ H′.

(x, y) ∈ G2.

z∈G y = zn zx(xn−1y)x

f : Sn −→ Z/NZ
f(τij) τij

i j

g : G −→ G, t �−→ t
(
f(t)
)−1

.

g g

x ∈ G. f(x).

G

F G

G =
⋃
x∈F

< x > .

x ∈ G, < x >

x ∈ Z y ∈ Z x̂ ỹ
x y Z/aZ Z/bZ

f : Z/aZ −→ Z/bZ

∀x ∈ Z, f(x̂) = xf
(
1̂
)

ξ ∈ {0, ..., b− 1} f
(
1̂
)
= ξ̃.

ξ
b

δ
δ = (a, b).

ξ
b

δ
.

∀x1, x2 ∈ Z,
(
x̂1 = x̂2 =⇒ ξ̃x1 = ξ̃x2

)
.

f : Z/aZ −→ Z/bZ, x̂ �−→ ξ̃x

f



ab = a5(ab) = a6b = a3(a3b) = a3(ba3)

= (a3b)a3 = (ba3)a3 = ba6 = (ba)a5 = ba.

k.

k = 0.

k ∈ N bkna = abk.

b(k+1)na = bkn(bna) = bkn(ab)

= (bkna)b = (abk)b = abk+1,

k + 1.

k ∀k ∈ N, bkna = abk.

p.

p = 0.

p ∈ N bn
p
ap = apb.

bn
p+1

ap+1 = (bn
pna)ap =

a)
(abn

p
)ap

= a(bn
p
ap) = a(apb) = ap+1b,

p+ 1.

p ∀p ∈ N, bn
p
a = apb.

G×G′

∀(h, h′), (k, k′) ∈ G×G′, (h, h′)(k, k′) = (hk, h′k′).
e e′ G G′

(h, h′), (k, k′) ∈ H ×H′

(h, h′)(k, k′) = (hk, h′k′) ∈ H ×H′.
e ∈ H e′ ∈ H′ (e, e′) ∈ H ×H′

(h, h′) ∈ H ×H′

(h, h′)−1 = (h−1, h′−1) ∈ h×H′.

H ×H′ G×G′

A G.

e ∈ (A) ∀a ∈ A, ae = ea.

x, y ∈ (A)

∀a ∈ A, (xy)a = x(ya) = x(ay) = (xa)y = (ax)y = a(xy),

xy ∈ (A)

x ∈ (A) ∀a ∈ A, ax = xa,

x−1

∀a ∈ A, x−1a = ax−1,

x−1 ∈ (A)

(A) G

A ⊂ B x ∈ (B)

∀b ∈ B, bx = xb,

∀a ∈ A, ax = xa,

x ∈ (A)

(B) ⊂ (A)

a ∈ A (A)

∀x ∈ (A), ax = xa,(
(A)
)

a ∈ (
(A)
)
.

A ⊂ (
(A)
)
.

A ⊂< A >,

(A) ⊃ (
< A >

)
.

x ∈ (A)

∀a ∈ A, ax = xa, A ⊂ ({x})
({x}) G

< A > ⊂ ({x}),
∀α ∈< A >, αx = xα,

x ∈ (
< A >

)
.

(A) =
(
< A >

)
.

(A) A

(A) ⊂
( (

(A)
))

.

A ⊂ (
(A)
)
,

α) (A) ⊃
( (

(A)
))

.

(A) =
( (

(A)
))

.

H e, x, y, xy

L = {e, x, y, xy}
L

(xy)(xy) = x(yx)y = x(xy)y = x2y2 = ee = e.

e x y xy
e e x y xy
x x e xy y
y y xy e x
xy xy y x e

� e L

� L L

� L L

L G

{x, y} ⊂ L H ⊂ L

H = {e, x, y, xy}
(H) = 4



H

A G,

e ∈ A
(∀x, y ∈ A, xy ∈ A

)
.

e ∈ A
(∀x, y ∈ A, xy ∈ A

)
.

x ∈ A

f : A −→ A, y �−→ xy,

(y1, y2) ∈ A2

f(y1) = f(y2) ⇐⇒ xy1 = xy2 ⇐⇒ y1 = y2,

G x

f

f : A −→ A A
f

e ∈ A f x′ ∈ A
f(x′) = e, xx′ = e, x−1 = x′ ∈ A.

e ∈ A,
(∀x, y ∈ A, xy ∈ A

)
,
(∀x ∈ A, x−1 ∈ A.

)
A G.

ϕ �= 1, g0 ∈ G ϕ(g0) �= 1.
G G −→ G, g �−→ g0g

G∑
g∈G

ϕ(g) =
∑
g∈G

ϕ(g0g) =
∑
g∈G

ϕ(g0)ϕ(g) = ϕ(g0)
∑
g∈G

ϕ(g).

(
1− ϕ(g0)︸ ︷︷ ︸

�=0

) ∑
g∈G

ϕ(g) = 0,

∑
g∈G

ϕ(g) = 0.

x ∈ f−1
(
f(H)

)
. f(x) ∈ f(H),

h ∈ H f(x) = f(h).

f(x− h) = f(x)− f(h) = 0,

x− h ∈ (f).

x = h+ (x− h), h ∈ H, x− h ∈ (f).

f−1
(
f(H)

) ⊂ H + (f).

x ∈ H + (f).

h ∈ H, u ∈ (f) x = h+ u.

f(x) = f(h+ u) = f(h) + f(u) = f(h) ∈ f(H),

x ∈ f−1
(
f(H)

)
.

H + (f) ⊂ f−1
(
f(H)

)
.

f−1
(
f(H)

)
= H + (f).

y ∈ f
(
f−1(H′)

)
.

x ∈ f−1(H′) y = f(x).

f(x) ∈ H′, y = f(x) ∈ H′.
(f) y = f(x) ∈ (f).

y ∈ H′ ∩ (f).

f
(
f−1(H′)

) ⊂ H′ ∩ (f).

y ∈ H′ ∩ (f).

y ∈ H′ x ∈ G y = f(x).

f(x) = y ∈ H′, x ∈ f−1(H′).
y = f(x) ∈ f

(
f−1(H′)

)
.

H′ ∩ (f) ⊂ f
(
f−1(H′)

)
.

f
(
f−1(H′)

)
= H′ ∩ (f).

(x, y) ∈ G2.

f z ∈ G y = f(z) = zn.

xny = xnzn = f(x)f(z) = f(xz) = (xz)n,

z(xny)x = z
(
(xz)n)x = (zx)n+1

= (zx)(zx)n = zxf(zx) = zxf(z)f(x) = zxznxn.

zx x

xn−1y = znxn−1 = yxn−1.

f : Sn −→ Z/NZ
(i, j) ∈ {1, ..., n}2 i < j.

τij i j

2f(τij) = f(τ2ij) = f( {1,...,n}) = 0.

N 2 N,
2 f(τij) = 0.

τ, f(τ) = 0.

σ ∈ Sn. p ∈ N∗
τ1, ..., τp σ = τ1 ◦ · · · ◦ τp.

f

f(σ) = f(τ1 ◦ · · · ◦ τp)

= f(τ1) + · · ·+ f(τp) = 0 + · · ·+ 0 = 0.

f = 0.

Sn

Z/NZ N

g : G −→ G, t �−→ t
(
f(t)
)−1

.

g

(t, u) ∈ G2 g(t) = g(u).

t
(
f(t)
)−1

= u
(
f(u)
)−1

,

u−1 f(t)

u−1t =
(
f(u)
)−1

f(t) = f(u−1t),

f G.

u−1t = e, u = t.

g

g : G −→ G G g



∀x ∈ G, ∃ t ∈ G, x = t
(
f(t)
)−1

.

x ∈ G.

t ∈ G x = t
(
f(t)
)−1

.

f(x) = f
(
t
(
f(t)
)−1)

= f(t)f
((
f(t)
)−1)

= f(t)t−1 =
(
t
(
f(t)
)−1)−1

= x−1.

(x, y) ∈ G2.
xy, x y

xy =
(
(xy)−1

)−1
=
(
f(xy)

)−1
=
(
f(x)f(y)

)−1

=
(
f(y)
)−1(

f(x)
)−1

= (y−1)−1(x−1)−1 = yx.

G

G

x ∈ G, < x >

G x G =
⋃
x∈G

< x > .

G

F G G =
⋃
x∈F

< x > .

x ∈ G, < x >
x ∈ G

< x >
< x >� Z. Z

nZ n ∈ N∗,
< x >

G

x ∈ G, < x >

G =
⋃
x∈F

< x >, F < x >

G

x ∈ Z x̂ x Z/aZ y ∈ Z
ỹ y Z/bZ
f : Z/aZ −→ Z/bZ

Z/aZ 1̂ f
f(1̂)

∀x ∈ Z, f(x̂) = x f(1̂).

ξ ∈ {0, ..., n− 1} f(1̂) = ξ̃.

ãξ = a ξ̃ = a f(1̂) = f(a 1̂) = f(â) = f(0̂) = 0̃,

b | aξ.
δ = a ∧ b.

(a′, b′) ∈ N∗2

a = δa′, b = δb′, a′ ∧ b′ = 1.

b | aξ ⇐⇒ δb′ | δa′ξ ⇐⇒ b′ | a′ξ ⇐⇒ b′ | ξ,

f : Z/aZ −→ Z/bZ

f(1̂) = ξ̃, ξ
b

δ

ξ
b

δ

x, x′ ∈ Z x̂ = x̂′

a | x− x′, ξδa′ = ξa | (ξx− ξx′).

b | ξδ, b | (ξx−ξx′), ξ̃x = ξ̃x′.

f : Z/aZ −→ Z/bZ

∀x ∈ Z, f(x̂) = ξ̃x.

f
(x, y) ∈ Z2

f(x̂+ ŷ) = f(x̂+ y) = ˜ξ(x+ y)

= ˜ξx+ ξy = ξ̃x+ ξ̃y = f(x̂) + f(ŷ).

Z/aZ Z/bZ
Z/aZ −→ Z/bZ, x̂ �−→ ξ̃x,

ξ ∈ {0, ..., b− 1} b

a ∧ b

a ∧ b

Z/12Z Z/18Z
fξ : x̂ −→ ξ̃x, ξ = 0, 3, 6, 9, 12, 15.



0

Z/nZ
ϕ

Z, Z/nZ, K[ ], RE ,L(E), n(K)

Z

Z/nZ
K[ ]



A
+ ·

A

➟

A

R R

A F
R R

A ⊂ F
F 1 A

(f, g) ∈ A2 f − g fg

A F A

x y x + y
1 + x, 1− x

➟

A

∀a ∈ A, a3 = a2.

∀a ∈ A, a2 = a.

a

a ∈ A

1− a (1− a)3 = (1− a)2,

1− 3a+ 3a2 − a3 = 1− 2a+ a2,

a3 = a2 a2 = a

B A
A

1A ∈ B

∀(x, y) ∈ B2, x+ y ∈ B, −x ∈ B, xy ∈ B.

➟



A = 2(R)

B

A Z
A

A

B ⊂ A 2 ∈ B

M,N ∈ B

M N Z
M + N, −M, MN

Z B

B A

I
A

A

0A ∈ I, ∀(x, y) ∈ I2, x− y ∈ I, ∀a ∈ A, ∀x ∈ I, ax ∈ I.

➟

A = C([0 ; 1],R)
I =
{
f ∈ A ; f(1) = 0

}
I

A

A

I ⊂ A 0 ∈ I

(f, g) ∈ I2

(f − g)(1) = f(1)− g(1) = 0− 0 = 0,

f − g ∈ I

f ∈ I h ∈ A

(hf)(1) = h(1)f(1) = h(1)0 = 0,

hf ∈ I

I

A

➟

Z/4Z Z/2Z× Z/2Z
f Z/4Z

Z/2Z× Z/2Z

x2 = x Z/2Z×Z/2Z
Z/4Z



ã a Z Z/4Z
∀x ∈ Z/2Z, x2 = x,

∀(x, y) ∈ Z/2Z× Z/2Z, (x, y)2 = (x2, y2) = (x, y).

f(2̃) ∈ Z/2Z× Z/2Z

f(2̃) =
(
f(2̃)
)2

= f(2̃2) = f(4̃) = f(0̃),

f 2̃ = 0̃

a ∈ A

f : A −→ A, x �−→ ax,

f A
f

➟

A a ∈ A \ {0}
f : A −→ A, x �−→ ax

(x, x′) ∈ A2 A a �= 0

f(x) = f(x′) ⇐⇒ ax = ax′ =⇒ x = x′.
f

f

b ∈ A f(b) = 1 ab = 1

A

A

Z

x
a

x ∈ Z⎧⎨⎩x ≡ 2 [12]

x ≡ 10 [16].

x ∈ Z x ≡ 2 [12] ⇐⇒ (∃ a ∈ Z, x = 2 + 12a
)
.

x ≡ 10 [16] ⇐⇒ 2 + 12a ≡ 10 [16] ⇐⇒ 12a ≡ 8 [16]

⇐⇒ 3a ≡ 2 [4] ⇐⇒ − a ≡ 2 [4] ⇐⇒ a ≡ −2 [4]

⇐⇒ a ≡ 2 [4] ⇐⇒ (∃ b ∈ Z, a = 2 + 4b
)
.

x = 2 + 12a = 2 + 12(2 + 4b) = 26 + 48b.

S =
{
26 + 48b ; b ∈ Z

}
.



(x, y) ∈ (
Z/nZ

)2
➟

(s, y) ∈ (Z/7Z)2
( )

⎧⎨⎩2̂x+ 3̂y = 1̂

3̂x+ 5̂y = 2̂.

2 ∧ 7 = 1, 2̂ Z/7Z
2 · 4 = 8 ≡ 1 [7], 2̂ · 4̂ = 1̂

2̂x+ 3̂y = 1̂ ⇐⇒ 4̂(2̂x+ 3̂y) = 4̂ · 1̂
⇐⇒ x+ 1̂2y = 4̂ ⇐⇒ x = 4̂− 1̂2y = 4̂ + 2̂y.

3̂x+ 5̂y = 2̂ ⇐⇒ 3̂(4̂ + 2̂y) + 5̂y = 2̂

⇐⇒ 1̂1y = −1̂0 ⇐⇒ 4̂y = 4̂.

4̂ Z/7Z 4̂y = 4̂ ⇐⇒ ŷ = 1̂.

x = 4̂ + 2̂y = 4̂ + 2̂ 1̂ = 6̂ = −1̂.

S =
{
(−1̂, 1̂)

}
.

x ∈ Z/nZ

n x ∈ Z/nZ

➟

x4 = 4̂,

x ∈ Z/9Z

x4 x
x ∈ Z/9Z, (−x)4 = x4

0̂4 = 0̂, 1̂4 = 1̂, 2̂4 = 1̂6 = −2̂,

3̂4 = 9̂2 = 0̂2 = 0̂, 4̂4 = 1̂6
2
= (−2̂)2 = 4̂.

S = {4̂}.



ϕ

n ∈ N∗ ϕ(n)
1 n n

ϕ(n) = n

N∏
i=1

(
1− 1

pi

)
n

n =

N∏
i=1

prii .

➟

n ∈ N n � 2

Z/nZ

Z/nZ
n 1 n n

ϕ(n)

ϕ(n) =
n

3
,

n ∈ N∗.

n n=
N∏
i=1

p
ri
i n

ϕ(n) = n

N∏
i=1

(
1− 1

pi

)
.

ϕ(n) =
n

3
, 3

N∏
i=1

(pi − 1) =
N∏
i=1

pi.

3
∣∣∣ N∏

i=1

pi.

pi p1 = 3

3 · 2 ·
N∏
i=2

(pi − 1) = 3
N∏
i=2

pi 2
N∏
i=2

(pi − 1) =
N∏
i=2

pi.

2
∣∣∣ N∏

i=2

pi.

pi p2 = 2
N∏
i=3

(pi − 1) =

N∏
i=3

pi.

N � 3 ∀i ∈ {3, ..., N}, pi − 1 < pi,

N � 2 n = 3r12r2 .

(r1, r2) ∈ (N∗)2,

ϕ(3r12r2 ) = n
(
1− 1

3

)(
1− 1

2

)
=

n

3
.

S =
{
3a2b ; (a, b) ∈ (N∗)2

}
.



A

Z A, Z =
{
x ∈ A ; ∀a ∈ A, ax = xa

}
,

A.

A = C([0 ; 1],R), B = C1([0 ; 1],R), I = {f ∈ A ; f(0) = 0}, E = B ∩ I.

A

B A B A

I A I A

E A.

x ∈ Z⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x ≡ 1 [2]

x ≡ 2 [3]

x ≡ 3 [5]

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x ≡ 1 [6]

x ≡ 4 [10]

x ≡ 7 [15]

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
x ≡ 7 [18]

x ≡ 1 [30]

x ≡ 16 [45].

Z/nZ

(x, y) ∈ (
Z/nZ

)2
⎧⎨
⎩
2̂x+ 3̂ y = 4̂

3̂x+ 2̂ y = 5̂
n = 13

⎧⎨
⎩
4̂x+ 7̂ y = 1̂

5̂x+ 2̂ y = 2̂
n = 18

⎧⎨
⎩
3̂x+ 1̂0 y = 9̂

1̂5x+ 4̂ y = 9̂
n = 60

0

A N A

N =
{
x ∈ A ; ∃n ∈ N∗, xn = 0

}
.

N = {0} ∀x ∈ A,
(
x2 = 0 =⇒ x = 0

)
.



0

A

D =
{
x ∈ A− {0} ; ∃ y ∈ A− {0}, xy = 0

}
0 A.

(a, b) ∈ A2

ab ∈ D =⇒ (
a ∈ D b ∈ D

)
(
a ∈ D b ∈ D

)
=⇒ ab ∈ D ∪ {0}.

A,B A∗ B∗ A
B f : A −→ B

f(A∗) ⊂ B∗.

f∗ : A∗ −→ B∗, x �−→ f(x)
· A B

A,A′ f : A −→ A′

f̃ : I �−→ f(I) f(I) I f
I A (f) I ′

A′

A I
0.

A I A.

I u ∈ A

I =
{
uv ; v ∈ A

}
?

I

∀(u, v) ∈ I2,
(
uv ∈ I =⇒ (

u ∈ I v ∈ I
))

?

I J A
I � J � A ? √

I I,
√
I =

{
u ∈ A ; ∃ p ∈ N∗, up ∈ I

}
.

Z/13Z

x ∈ Z/13Z x8 + 2x6 + 3x4 + 2x2 + 1 = 0.

a ∈ N 3 a � 4 a | 3(a− 3)ϕ(a)−1 + 1.



A′ B′ A B A′×B′

A×B.

Z2 An =
{
(x, y) ∈ Z2 ; x ≡ y [n]

}
, n ∈ N

A,A′ A×A′

A A′.
Zn, n ∈ N∗

Zn, n ∈ N∗

(a, b) ∈ N2 ∀n ∈ N, 5 | 2an+b + 3n.

ϕ(ab) ϕ

∀(a, b) ∈ (N∗)2, ϕ(ab)ϕ(a ∧ b) = (a ∧ b)ϕ(a)ϕ(b).

∀(a, b) ∈ (N∗)2, a ∧ b = 1 =⇒ ϕ(ab) = ϕ(a)ϕ(b)

∀(a, b) ∈ (N∗)2, a | b =⇒ ϕ(ab) = aϕ(b)

∀(a, b) ∈ (N∗)2, ϕ(ab) = (a ∧ b)ϕ(a ∨ b).

A ∀x ∈ A, ∃ y ∈ A, xyx = x.

A Z =
{
x ∈ A ; ∀a ∈ A, ax = xa

}
.

A A �= {0}. A
A



B A A
1A ∈ B

∀(x, y) ∈ B2,
(
x+ y ∈ B, −x ∈ B, xy ∈ B

)
.

1
C1.

1 /∈ I.

1 /∈ E.

x a

x = 1+ 2a, a = −1 + 3b,

x = 1+6a,

x = 7+18a, a = −2+5b,

b ∈ Z.

x̂ Z/nZ
x ∧ n = 1.

x
y 60, x y

an = 0 an−1 �= 0,
x = an−1.

ab ∈ D c ∈ A− {0} (ab)c = 0
bc �= 0, bc = 0.

a ∈ D, c ∈ A − {0} ac = 0
ab �= 0, ab = 0.

A∗ B∗
·

f∗

I A
(f) f(I) A′

f

I J A
(f), f(I) = f(J)

I ⊂ J, I = J.

I′ A′ f−1(I′)
A f

(
f−1(I′)

)
= I′,

f

u = (un)n∈N

I, un

w =
(√|un|

)
n∈N

.

u = (un)n∈N, v = (vn)n∈N ∈ A
uv = 0, u /∈ I, v /∈ I,

n n

J

0

√
I = I.

x4 + x2 + 1.

x = 0, ±1, ±2 . . .

(a − 3) ∧ a = 1

n ∈ N, An

Z2.

C Z2.

E =
{|x− y| ; (x, y) ∈ C, x �= y

}
E �= ∅, n E

C = An,

I I′ A
A′ I × I′ A×A′.

J A×A′.
I, I′ J

I =
{
x ∈ A ; ∃x′ ∈ A′, (x, x′) ∈ J

}
,

I′ =
{
x′ ∈ A′ ; ∃x ∈ A, (x, x′) ∈ J

}
.

I I′ A A′
J = I × I′.



(m,n) ∈ (N∗)2.
f : Zm −→ Zn.

Zm

Zn.

x2 = x.

n ∈ N, un = 2an+b +3n,
(un)n∈N

(∀n ∈ N, 5 | un
) ⇐⇒ (

5 | u0 5 | u1

)
.

5,
2.

(a ∧ b, a ∨ b)

Z

x ∈ Z. y ∈ A x = xyx.
z = yxy. x = xzx, xy ∈ Z, z ∈ Z.

a ∈ A− {0}.
n ∈ N∗

In = anA = {anx ; x ∈ A}.
p, q ∈ N∗ p < q Ip = Iq .
b ∈ A ap = aqb.
a(aq−p−1b) = 1A.



Z ⊂ A 1 ∈ Z.

(x, y) ∈ Z2

∀a ∈ A, a(x+ y) = ax+ ay = xa+ ya = (x+ y)a,

x+ y ∈ Z.

x ∈ Z

∀a ∈ A, a(−x) = −ax = −xa = (−x)a,

−x ∈ Z.

(x, y) ∈ Z2

∀a ∈ A, a(xy) = (ax)y = (xa)y = x(ay) = x(ya) = (xy)a,

xy ∈ Z.

Z A.

Z
A

A

A

1 ∈ B f, g ∈ B

f + g ∈ B, −f ∈ B, fg ∈ B.

B A.

B A, 1 ∈ B, B = A,

x �−→
∣∣∣x− 1

2

∣∣∣
A B.

B A.

0 ∈ I f, g ∈ I h ∈ A

f − g ∈ I hf ∈ I,

(f − g)(0) = f(0)− g(0) = 0

(hf)(0) = h(0)f(0) = h(0)0 = 0.

I A.

1 /∈ I, I A.

1 /∈ E, 1 /∈ I E ⊂ I, E
A.

f, h : [0 ; 1] −→ R
f : x �−→ x, h : x �−→ √

1− x.

f ∈ E h ∈ A.

hf : x �−→ x
√
1− x 1

hf /∈ E.

E A.

S

x ≡ 1 [2] ⇐⇒ (∃ a ∈ Z, x = 1 + 2a
)
.

a ∈ Z

x ≡ 2 [3] ⇐⇒ 1 + 2a ≡ 2 [3] ⇐⇒ 2a ≡ 1 [3]

⇐⇒ − 2a ≡ −1 [3] ⇐⇒ a ≡ −1 [3]

⇐⇒ (∃ b ∈ Z, a = −1 + 3b
)
.

x = 1 + 2a = 1 + 2(−1 + 3b) = −1 + 6b.

b ∈ Z

x ≡ 3 [5] ⇐⇒ − 1 + 6b ≡ 3 [5] ⇐⇒ 6b ≡ 4 [5]

⇐⇒ b ≡ −1 [5] ⇐⇒ (∃c ∈ Z, b = −1 + 5c
)
.

( ) ⇐⇒ ∃ c ∈ Z, x = −1 + 6(−1 + 5c) = −7 + 30c.

S =
{− 7 + 30c ; c ∈ Z

}
.

x x ≡ 1 [6], x
x ≡ 4 [10], x

S = ∅.

x ≡ 7 [18] ⇐⇒ (∃ a ∈ Z, x = 7 + 18a
)
.

a ∈ Z

x ≡ 1 [30] ⇐⇒ 7 + 18a ≡ 1 [30] ⇐⇒ 18a ≡ −6 [30]

⇐⇒ 3a ≡ −1 [5] ⇐⇒
2∧5=1

2 · 3a ≡ −2 [5]

⇐⇒ a ≡ −2 [5] ⇐⇒ (∃ b ∈ Z, a = −2 + 5b
)
.

x = 7 + 18a = 7 + 18(−2 + 5b) = −29 + 90b.

b ∈ Z

x ≡ 16 [45] ⇐⇒ − 29 + 90b ≡ 16 [45]

⇐⇒ 90b ≡ 45 [45] ⇐⇒ 2b ≡ 1 [1],

b ∈ Z.

( ) ⇐⇒ (∃ b ∈ Z, x = −29 + 90b
)
.

S =
{− 29 + 90b ; b ∈ Z

}
.

S

2 ∧ 13 = 1, 2̂ Z/13Z

2 · 7 = 14, 2̂ · 7̂ = 1̂.

2̂x+ 3̂ y = 4̂ ⇐⇒ 7̂ (2̂x+ 3̂ y) = 7̂ · 4̂
⇐⇒ x+ 2̂1 y = 2̂8 ⇐⇒ x = 2̂ + 5̂ y.

3̂x+ 2̂ y = 5̂ ⇐⇒ 3̂ (2̂ + 5̂ y) + 2̂ y = 5̂

⇐⇒ 1̂7 y = −1̂ ⇐⇒ 4̂ y = −1̂

⇐⇒
(−3)∧13=1

−3̂ (4̂ y) = (−3̂)(−1̂) ⇐⇒ y = 3̂.

x = 2̂ + 5̂ y = 2̂ + 5̂ · 3̂ = 1̂7 = 4̂.

S =
{
(4̂, 3̂)

}
.




